Abstract: This paper studies two tyre models, the Fiala model and the Pacejka model. Both models are nonlinear and depend on parameters which must be identified from measurement data. A major problem is to efficiently prepare and plan the experiments. It is necessary to determine the parameters which have the greatest influence on the model output, and account for the output uncertainty which must be reduced. Therefore, the methodology presented here will help to carry out a variance-based global sensitivity analysis on both tyre models. This type of sensitivity analysis consists in studying and quantifying the contribution of each parameter to the total variance of the model output. Each parameter is classified into a hierarchy with respect to the importance of its influence. Fiala's model depends on three parameters and it is shown that only two have a significant influence on the model output. In Pacejka's model, which depends on seven parameters, the analysis has shown that only three parameters have a significant influence on the output. So, to improve the accuracy of these model responses, it is necessary to pay particular attention to the measurement data which help to better determine the values of their influential parameters.
Introduction
In the automotive and aeronautical fields, modelling the tyre/road interface is fundamental. Indeed, the tyre model is one of the major elements to integrate into a ground vehicle or aircraft model, as the tyres are the only contact points with the road. In general, the tyre models available in the literature, for example [Pacejka (2006) ; Rajamani (2005) ; Gipseret et al. (1997) ; Blundell et al. (1994) ], are nonlinear and complex. They depend on a certain number of parameters obtained from experimental data. These measurement data are often few or/and uncomplete, especially in the aircraft domain, and involve high costs. A number of parameters are estimated with more or less precision, which often leads to unacceptable uncertainty on the model output. Among all the parameters, however, some only have a small or insignificant influence on the model response and therefore, do not need to be determined precisely. On the other hand, some parameters are determinant for the model response and thus influence its uncertainty significantly. These parameters may require additional measurement data in order to be estimated with relatively high accuracy. In order to prepare and plan the experiments, it is necessary to distinguish the parameters with an insignificant influence on the response uncertainty, so as to set them at their nominal value in their interval of variation, thanks to the sensitivity analysis. Different approaches have been proposed in the literature, for sensitivity analyses of nonlinear models [Cukier et al. (1997) ; Sobol (1993) ; Saltelli et al. (1999 Saltelli et al. ( , 2000 ; Frey et al. (2002) ; Saltelli (2002) ; Saltelli et al. (2004) ; Jacques et al. (2006) ]. There are qualitative [Saltelli et al. (2000) ] and quantitative approaches [Saltelli et al. (1999) ]. The qualitative approaches help to classify the parameters into a hierarchy with respect to the importance of their influence on the model response. The quantitative approaches are constructive in the sense that they not only allow the classification of the parameters into a hierarchy but also provide the means for the quantification of each parameter influence, contrary to the qualitative approaches. The present study focuses exclusively on the quantitative approaches. There are two types of quantitative approaches: local and global. Local approaches help to determine the impact of a small parameter variation around a nominal value. This impact is determined by calculating the partial derivative of the output function vs the corresponding parameter at the nominal value [Turyani et al. (2000) ]. The global approaches also allow the determination of the same impact but by varying the parameter in its entire range of variation. These methods are based on the analysis of the output variance [Sobol (1993) ; Saltelli et al. (1999 Saltelli et al. ( , 2004 ]. They consist in calculating the contribution of the individual parameter to the total variance of the model output. Each parameter has two types of contribution to the total output variance. On the one hand, there is the main contribution of the parameter, which corresponds to the contribution of the parameter alone. On the other hand, there is the collective contribution of the parameter, which represents the influence of its interactions with the other parameters. The total contribution of the parameter is the sum of its main and collective contributions. The aim of this paper is first to provide a methodology for sensitivity analysis, then to carry out a variance-based global sensitivity analysis on two tyre models, the Fiala model [Blundell et al. (1994) )] and the Pacejka model, which is a basic function of the Magic Formula [Pacejka (2006) ]. The study focuses on these two models as they are part of a project at the MIPS (Modélisation Intelligence Processus Systèmes) laboratory. In addition, Pacejka's model is widely used in the automotive and aeronautical fields. Both models depend on parameters (such as the friction coefficient, cornering stiffness, ...) which must be identified from measurement data. The parameters responsible for the observed uncertainty are then determined. This study is organized as follows. Section 2 presents the main objectives of the sensitivity analysis and the proposed approach, followed by the definition of the sensitivity indices and a method for their estimation. The tyre models are studied in section 3 and a variance-based sensitivity analysis is carried out. For each model, the influence of the parameters is quantified and the most influential parameters are highlighted.
Sensitivity analysis
The main objectives of a sensitivity analysis can be summarized as follows.
• To attest the reliability of or the confidence in the model prediction. For example, if the sensitivity analysis shows a high influence of a parameter which in reality is known to have little (or no) influence, then the model is not reliable and should be modified.
• To determine the parameters which have the greatest influence on the total output variance. These parameters are responsible for the uncertainty of the output. So, the quality of the output can be increased by reducing the error in the most influential parameters.
• To identify the parameters which have little or no influence on the total variance of the model output. These parameters can be set at their nominal values, which will reduce the number of parameters (and also reduce the model complexity) with no significant effect on its accuracy.
• To determine which parameters interact with the others. In fact, a parameter on its own may not be influential, while its interactions with the others have a greater importance in the model response.
Consider a mathematical model in its general form:
where y ∈ R represents the model output and x i ∈ R, i = 1, . . . , n the n unknown parameters, which are considered as random and independent variables. The function f is nonlinear with respect to x i . Performing a sensitivity analysis on model M allows the identification of the parameters x i which have the greatest influence on its response y. The approach describing the steps necessary to carry out a sensitivity analysis is presented, below.
Description of the sensitivity analysis approach
Performing a sensitivity analysis requires the following steps. a) Definition of the model This first step consists in clearly determining the output y of the model M as a function of the predefined parameters x i . b) Assignment of the variation limits and probability density function Each parameter x i is considered as a random variable. It is then necessary to determine the variation limits of each parameter x i and to estimate the most probable value of the parameter within these limits in order to choose the most appropriate probability density function. The variation limits as well as the probability density function may depend on various issues such as physical, technical and economical possibilities or/and limitations. The probability density functions most often considered are normal, lognormal and uniform distributions.
c) Generation of input vectors
This step consists in choosing an appropriate sampling method for generating the possible values for each parameter x i within its limits of variation and according to its distribution function during simulation. Among the sampling procedures, one can distinguish random sampling, quasi-random sampling and Latin hypercube sampling [Helton et al. (2002 [Helton et al. ( , 2005 [Helton et al. ( , 2006 ]. As mentioned in [Helton et al. (2006) ], Latin hypercube sampling may be an appropriate method for computationally demanding models. When it is not the case, random sampling may be considered.
d) Determination of the output distribution
For each sample value of the parameters x i , the output y is calculated. It is then possible to have an overview on the model uncertainty by plotting (for example) the histogram of frequencies as well as the polygon of cumulative frequencies for y.
e) Calculation of the sensitivity indices
The final step consists in evaluating quantitatively the influence of the parameters x i on the output y, by calculating the sensitivity indices.
The next subsection presents the definition of the sensitivity indices based on the analysis of the output variance.
Sensitivity indices
Consider the model M described by equation (1). In order to appreciate the contribution of the parameter x i to the total variance of the output y, it is necessary to calculate the conditional variance of y while setting x i = x * i , denoted V (y|x i ). Since the true value x * i of x i is not known, the expectation of V (y|x i ) for all possible values in the interval of variation of x i is considered instead. This expectation is denoted E(V (y|x i )). The greater the contribution of parameter x i to the total variance of y is, the lower quantity E(V (y|x i )) will be. The total variance of y, denoted V (y), can be expressed as a function of the expectation E(V (y|x i )). V (y) then becomes:
where the term V (E(y|x i )) is the variance of the conditional expectation of y when x i is set (x i supposed known). This term is also an indicator of the influence of x i on the total variance of y. Indeed, the more parameter x i contributes to the total variance of y, the greater quantity V (E(y|x i )) will be. In order to use a normalized indicator, the sensitivity index of parameter x i , denoted S i [Archer et al. (1997) ; Saltelli et al. (2008) ], is defined as follows:
The value of the sensitivity index S i lies between 0 and 1. The closer to 1 its value is, the more parameter x i contributes to the total variance of y.
The sum of the sensitivity indices S i , i = 1, ..., n, associated to each parameter x i verifies the following relation:
Remark 2.1: If the model M is additive, it can be re-expressed as follows:
where a 0 is a constant, the functions f i , i = 1, ..., n, are possibly nonlinear with respect to x i . In the case of an additive model, the following expression holds:
If model M is nonlinear and non additive, the interactions between the different parameters will also influence the total variance of y. In this case, the sensitivity index S i is no longer the most appropriate indicator and the total sensitivity index, denoted S T i [Archer et al. (1997) ; Saltelli et al. (2008) ], is preferred. The total sensitivity index is defined as:
where the term V (E(y|x ∼i )) represents the variance of the conditional expectation of y when all parameters are supposed known except parameter x i . The total sensitivity index S T i includes the contribution due to parameter x i alone, which also corresponds to index S i , and the contribution due to the interactions of x i with the other parameters. In [Sobol (1993) ], it is demonstrated that the total variance of y can be decomposed as:
where :
If equation (8) is divided by V (y), the following relation is obtained:
where S i represents the sensitivity index of parameter x i (contribution of x i alone to the total variance V (y)) and is often called first order sensitivity index. The terms S ij , ..., S 12...n are given by:
The term S ij represents the contribution due to the interaction of parameter x i with parameter x j and is called second order sensitivity index. In the same manner, the term S 12...n represents the contribution due to the interaction of parameter x i with the remaining parameters and is called n order sensitivity index. Thus, the total sensitivity index S T i of parameter x i is expressed as:
The sensitivity indices presented previously are often calculated analytically when the function f of model M is known and relatively simple. However, some models may be complex with a high number of parameters so that analytical calculations of the sensitivity indices become time consuming or even sometimes impossible. It is therefore necessary to estimate them. The following subsection presents a method of estimating the sensitivity indices, often referred to as the Monte Carlo method.
Estimation of the sensitivity indices
Several methods of estimating the sensitivity indices are available in the literature [Cukier et al. (1997); Sobol (1993); Schwieger (2004) ; Jacques et al. (2006) ; Mara et al. (2008) ]. The approach used in this study is based on the Monte Carlo method [Sobol (1993) ]. Consider a random sample of size N for each parameter of model M and suppose that x k i denotes the kth value of parameter x i in its random sample. The estimated value of the expectation of y, denotedÊ(y), is given by:
In the same manner, the estimated value of the variance of y, denotedV (y), is the following:
In [Sobol (1993) ], a technique for the estimation of the conditional variance of y with respect to x i is proposed. It is based on the estimation of the expectation of y and requires two samples of the same size N for each parameter x i . Suppose that x k1 i denotes the kth value of the parameter x i from sample 1 and x k2 i , the kth value of parameter x i from sample 2. The estimated value of the conditional variance of y with respect to x i , denotedV i , is the following [Sobol (1993) ]:
whereÛ i is given by the expression below:
The estimated value of the first order sensitivity index, denotedŜ i , is then obtained:
Moreover, the estimated value of the second order sensitivity index,Ŝ ij , is:
whereV ij is given by:
The termÛ ij is the estimated value of the conditional expectation of y and is obtained by varying all its parameters except x i and x j :
The same method is used to estimate the sensitivity indices of a higher order. Finally, the total sensitivity index of x i is expressed as:
whereV ∼i is the estimated conditional variance of y with respect to all parameters except x i . It also means thatV ∼i is estimated by varying only x i while keeping all the other parameters constant.V ∼i is given by:
In the next section, these sensitivity indices are determined for two tyre models in order to determine their most influential parameters.
3 Application of the sensitivity analysis to tyre models
When a vehicle equipped with tyres is manoeuvred on the ground, the tyres are submitted to a number of forces. For example, a longitudinal force is developed when driving or braking torque is applied to the wheel. A lateral force appears when the wheel is at an angle or when it is steered to turn at a corner. The two models considered in this study take account of the longitudinal force (driving or braking force) and the lateral force, but the study will exclusively focus on each model expression for the lateral force developed in the case of a cornering manoeuvre in steady-state condition. The measurement data used here are of the aircraft domain. Besides, the parameters of each model considered are assumed independent.
Fiala's model
During cornering with no driving/braking torque or turn slip (the tyre is also said to be in pure cornering condition), the steady-state lateral force F y is expressed as:
where C α is the cornering stiffness, F z the vertical load (F z > 0) and µ the lateral friction coefficient. Quantity α is the angle between the wheel plane and the wheel direction of motion. It is also called side slip angle. The term sgn(α) represents the sign of the side slip angle α. A sensitivity analysis is performed on the Fiala model. The approach presented in section 2.1 is applied to complete this study.
a) Definition of the model
The lateral force F y represents the model output. Within the framework of the MIPS project, the vertical load F z is measured and thus considered as known. It will be fixed at F z = 90kN, the nominal value used in the present project. Parameters C α , µ and α are unknown and their values are determined from measurement data. Therefore, they are the parameters whose influence should be studied. b) Assignment of the variation limits and probability density function In pure cornering condition, the variation limits of C α are estimated using a database, which considers an interpolation function similar to that presented in [Pacejka (2006) ] and which gives C α as a function of the vertical load F z and the tyre lateral stiffness. The variation interval of C α is estimated to be [179.02kN/rad; 1165kN/rad]. The cornering stiffness C α also represents the derivative of the lateral force F y vs the side slip angle α at α = 0:
The value of C α strongly depends on the tyre lateral stiffness. In fact, it may be considered that the stiffer the tyre carcass is, the greater C α will be independently of the friction state in the tyre/road interface. Then, the maximum value F ymax which the lateral force can reach, depends on the tyre/road contact state and is most often assumed to be proportional to the maximum value of the friction coefficient, F ymax = µ max F z . The value of µ max corresponds to the upper limit of the friction coefficient interval. In the present case, it is supposed that µ max = 1, which is simply based on the Coulomb's friction law and means that the maximum value which the lateral force can reach is 90kN. µ is assumed to vary in the interval [0.4; 1]. However, for some specific tyres, µ max can be greater than 1 and as a result, the importance of µ in the output would be significantly different, [Kiebre et al. (2010) ]. Finally, parameter α is supposed to vary in the interval [0; 20 • ] ([0; 0.35rad]). It can be mentioned that, for most civil aircraft tyres, the maximum lateral force is commonly observed for side slip angle beyond 14
• (dry road condition) and may reach up to 20
• with respect to the road and vertical load conditions. It is worth noting that the limits of variation determined for each parameter also take account of a database for aircraft tyres. Moreover, parameters C α , µ and α are assumed independent. They are deemed to follow a uniform distribution law in their corresponding interval.
Remark 3.1: Simulations with a normal distribution law for each parameter within its range of variation, not presented here, were also performed. The simulation results show the same trend in the distribution of the output and the sensitivity indices are not significantly different from those obtained under assumption of a uniform distribution law. It seems that the variation limits of the parameter are more influential than the distribution itself.
c) Generation of the parameters
The model presented in equation (23) is not computationally demanding and so, random sampling has been adopted (function rand from Matlab software). A sample size of N = 100000 is considered for each parameter.
Remark 3.2: Tests with smaller sample sizes (N = 10000, N = 20000 and N = 50000), not presented in this document, have also been considered. It must be noted that the results do not vary significantly. However, further investigations could help to determine the sample size(s) which lead(s) to a better compromise between precision and computation time.
d) Determination of the output distribution
The output F y is generated according to equation (23) and using the previous samples for µ, C α and α. Figure 1 (a) presents the histogram of frequencies for the lateral force F y with respect to its classes. Figure 1(b) presents the polygon of cumulative frequencies for F y , which has been normalized. The mean value of F y is -52.85 kN and its 95% confidence interval is [-120.95kN;-8.64kN ], revealing an uncertainty of 112.3 kN which represents 212% of the mean value of F y . The objective is to estimate the contribution of α, µ and C α to this uncertainty. e) Calculation of the sensitivity indices Consider the lateral force F y given by equation (23). To estimate the sensitivity indices, two samples of the same size N = 100000 are assumed for each parameter. Equations (13) and (14) are used to estimate the mean value of model F y ,Ê(F y ) = −52.85kN, and its variance,V (F y ) = 1.40 × 10 8 , respectively. Then, the first order sensitivity indices, S µ , S Cα and S α , are estimated using equation (17). The first order index of the parameter α is the most important (S α = 0.348). So, the slip angle is the most influential parameter on the lateral force for the Fiala model. Parameter C α follows (S Cα = 0.1665). Finally, the sensitivity index of µ is low (S µ = 0.0166). As a result, it can be underlined that when considering the influence of each parameter alone, only the side slip angle α and the cornering stiffness C α have significant influence on the Fiala model response. Moreover, the values of the total indices are higher than the ones of the first order indices. This is due to important interactions between all parameters which also influence the lateral force. Indeed, the sum of the first order indices is about 0.53 (S µ + S Cα + S α = 0.5311), which means that the contribution due to the interactions of parameters is as important as the individual contribution of the parameters. In fact, the parameter µ determines the maximum value which the lateral force F y can reach. However, this maximum value of F y is also determined by a given value of the side slip angle α. This explains the influence of the interaction between parameters µ and α. On the other hand, parameter C α determines the lateral deflection of the tyre. The influence of the parameter C α on its own and of its interaction with the other parameters is not negligible as the lateral force is related to this tyre lateral deflection. In a word, for the Fiala model, the improved accuracy in the slip angle α, in the cornering stiffness C α and in the friction coefficient µ is necessary to reduce the uncertainty in the lateral force.
The next subsection presents the second model studied in this paper, the Pacejka model.
Pacejka's model
In pure cornering condition, an interpolation function, called Magic Formula, is proposed for the lateral force as presented in equation below:
where C, E, S h and S v are empirical parameters. A sensitivity analysis of the Pacejka model is carried out using the proposed approach.
a) Definition of the model
The lateral force F y presented in equation (25) The mean value of F y is -75.07kN and its 95% confidence interval is [-180kN;-6.14kN ], indicating an uncertainty of 173.85kN equivalent to 231% of the mean value of F y . The objective is to classify all the parameters according to their contribution to this uncertainty. e) Calculation of the sensitivity indices Assume the expression of the lateral force F y as described by equation (25). Two samples of the same size N = 100000 are considered for each parameter. The estimated mean value of F y isÊ(F y ) = −75.07kN (equation (13)) and its estimated variance isV (F y ) = 2.23 × 10 9 (equation (14)). Equation (17) is used to estimate the first order indices S α , S µ , S Cα , S C , S E , S S h and S Sv . The total sensitivity indices S T α , S T µ , S T Cα , S T C , S T E , S T S h and S T Sv are estimated using equation ( Figure 4 allows the different parameters to be classified into a hierarchy according to their influence on the total variance of the lateral force. It is shown that parameter α has the highest sensitivity index (S α = 0.2033). Therefore, this parameter is the most influential. However, the index of µ has a value close to that of α (S µ = 0.1883). Parameter C α follows (S Cα = 0.1609). Finally, parameters C, E, S v and S h have their sensitivity indices close to 0. Therefore, their influence on the total variance of the model response can be considered negligible. Moreover, the sum of the first order sensitivity indices of the parameters is 0.5525. As in the Fiala model, the interactions between all the parameters also influence the lateral force. For the Pacejka model, parameters α, C α and µ have the same physical meaning for the tyre as mentioned previously for Fiala's model. However, in Pacejka's model, the sensitivity indices of α, C α and µ are quite close to each other, contrary to the Fiala model. Thus, the interpolation function used in the Pacejka model gives almost the same importance to these three parameters. C, E, S v and S h are empirical scaling parameters used for adjusting the curve shape and reducing the interpolation error. This might be the reason why their individual influence is negligible. To conclude, in the Pacejka model, only three parameters, the slip angle α, the friction coefficient µ and the cornering stiffness C α , significantly influence the lateral force. Consequently, improving their accuracy would help to considerably improve the uncertainty in the lateral force F y . Concerning parameters C, E, S v and S h , each one can be fixed at its nominal value in the corresponding interval of variation with no significant effect on the accuracy of the model response.
Conclusion
A methodology for sensitivity analysis has been presented. A variance-based global sensitivity analysis has been carried out on two models which describe the lateral force occurring at the tyre/road interface. This sensitivity analysis consists in quantifying the contribution of each parameter to the total variance of the model output. The data used are of the aircraft domain. In the Fiala model, the lateral force depends on three parameters, the side slip angle, the friction coefficient and the cornering stiffness. It has been shown that, when considering each parameter alone, only the side slip angle and the cornering stiffness influence the lateral force. However, the interaction between the three parameters have also an important influence on the model response. Therefore, improving the accuracy of these three parameters would help to reduce the uncertainty of the model response. In the case of the Pacejka model, the lateral force expression depends on seven parameters. However, only three of them, the side slip angle, the friction coefficient and the cornering stiffness, influence the lateral force significantly, in the same order. Improving the accuracy of these three parameters would help to considerably improve the uncertainty in the lateral force. The parameters of both models studied are assumed independent. However, tyre models often include correlated parameters. So, further studies on methods of sensitivity analysis for models with correlated parameters may be necessary. It would also be interesting to compare the results of this method (convergence of the sensitivity indices and the computation time) with those obtained with other methods of sensitivity analysis (McKay, FAST, ...).
